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Abstract

We propose a theory of asset prices that emphasizes heterogeneous investor beliefs and
limits to arbitrage as the main elements determining prices and returns of different securities.
In our theory, the noisy aggregation of heterogeneous investor beliefs drives a systematic wedge
between the impact of fundamentals on an asset price, and the corresponding impact on cash flow
expectations. From this information aggregation wedge, we derive testable predictions for prices
and returns, both conditional on the realized states, and unconditionally, as a function of an
asset’s cash flow characteristics and the parameters that summarize the information aggregation
frictions. Concretely, assets that are dominated by upside risks trade at a premium, while
assets that are dominated by downside risks trade at a discount, on average. These premia and
discounts are increasing in the asymmetry in payoff risks and the severity of market frictions.
We also use our theory to reconsider the Modigliani-Miller Theorem, the excess volatility puzzle,

and the effects of disclosures on market prices.

1 Introduction

We propose a theory of asset prices that emphasizes heterogeneous investor beliefs and limits to
arbitrage as the main elements determining prices and returns of different securities. While we
are not the first to emphasize the potential role of such frictions for asset pricing, we propose a

unified, general framework for studying their joint asset pricing implications. Our main analytical
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innovation consists in formulating a new model of noisy information aggregation through asset
prices, which is parsimonious and tractable, yet flexible in the specification of cash flow risks.
In our theory, the noisy aggregation of heterogeneous investor beliefs drives a systematic wedge
between the impact of fundamentals on an asset price, and the corresponding impact on cash flow
expectations. From this information aggregation wedge, we derive testable predictions for prices and
returns, both conditional on the realized states, and unconditionally, as a function of an asset’s cash
flow characteristics and the parameters that summarize the information aggregation frictions. We
then use our theory to reconsider three classic results of arbitrage-free asset pricing: the Modigliani-
Miller Theorem, the excess volatility puzzle, and the effects of disclosures and transparency for
market prices.

We consider an asset market along the lines of Grossman and Stiglitz (1980), Hellwig (1980)
and Diamond and Verrecchia (1981), with an investor pool that is divided into informed traders
who have observed a noisy signal about the value of an underlying cash flow, and uninformed noise
traders. The traders all submit orders to buy shares in the cash flow at the going price. The price
serves as a noisy signal of the state, which traders use along with their private signals to form an
update about the cash flows. By assuming that traders are risk neutral but face limits on their asset
positions, we are able to derive a closed-form characterization for prices and expected dividends
conditional on underlying shocks, with no restriction on cash flows other than monotonicity in
the underlying fundamental shocks. This allows us to avoid the functional-form restrictions of the
canonical models with CARA preferences and normally distributed dividends.

In our model, the asset price is equal to the expectation of cash flows for a “marginal investor”
who is just indifferent between investing and not investing in the asset. The information aggre-
gation wedge results from the discrepancy between the marginal traders’ beliefs and the beliefs of
an objective, uninformed outsider who uses the observation of the price to update beliefs about
dividends, or equivalently an “econometrician” who uses a sample of price-dividend observations
to estimate this relationship. Compared to the outsider, the marginal trader appears to treat the
information contained in the price as if it was more informative than it truly is. As a result, the
marginal trader’s expectations attach a higher weight to the market signal than would be justi-
fied by its true information content. Moreover, because of excess confidence in the market signal’s
information content, the marginal trader acts as if residual uncertainty was lower than it truly is.

Despite its appearance, the information aggregation wedge is not the result of non-Bayesian
updating or irrational trading decisions. Instead, it results from compositional shifts under investor

heterogeneity: the identity of the marginal trader changes with the observed price in a way that



amplifies the impact of the price on the marginal trader’s expectations. Any trader’s expectation
of future dividends is based both on his private information and on the information conveyed
through the price. The objective expectation of future dividends on the other hand, only reflects
the information conveyed by the price. From the perspective of any individual shareholder, the
noise in market information is uncorrelated with the noise in private signals, and he therefore treats
these two sources of information as independent signals weighted by their respective information
content. The marginal trader holds beliefs that make him just indifferent between holding and not
holding the asset. A change in fundamentals that is conveyed through the price either shifts the
distribution of informed traders’ private signals, or restricts the supply of shares that is available
to them. In both cases, market-clearing then requires a shift in the marginal traders’ identity in
the same direction as the market signal. In equilibrium, the market signal is perfectly correlated
with the marginal trader’s private signal, which gives the asset price the appearance of responding
more to the market signal than would be justified by its true information content.

Because the wedge confounds a first-order comparison of fundamental expectations with a
second-order comparison of residual uncertainty between the marginal trader’s and the outsider’s
beliefs, sharp comparative statics implications are difficult to obtain for the state-contingent wedge,
except in special cases or parametric examples. Intuitively, however, the shift in expectations pro-
vides a channel for excess volatility in prices, while the second-order effects affect the unconditional
level of prices relative to dividends, by influencing the relative size of the gains and losses that
shareholders are exposed to. Our two main theorems make this intuition precise by characterizing
unconditional moments of prices, expected dividends and the wedge.

Theorem 1 characterizes the unconditional expectation of prices relative to expected dividends.
By forming ex ante expectations, the anticipated first- and second-order effects combine into a mean-
preserving spread of the expected marginal trader’s weight on different state realizations, relative to
the outsider’s. This allows us to characterize the unconditional average price and expected dividend
in closed form as a function of a parameter summarizing the informational noise of the market, and
the profile of the cash flow risk.

What’s more, the unconditional wedge has increasing differences between the informational noise
parameter, and the asymmetry between upside and downside risks, where the latter is defined as a
partial order on payoff risks that compares the marginal gains and losses at fixed distances from the
prior mean of the fundamental. This leads to several immediate, general comparative statics results,
which form the core asset pricing predictions of our theory. Regardless of the informational noise,

the unconditional wedge is zero when payoff risk is symmetric. The wedge is positive (meaning



that the price exceeds expected dividends on average) for risks that are dominated by the upside,
and negative for risks that are dominated by the downside. Moreover, in absolute value this wedge
becomes more pronounced for more asymmetric payoff risks, or for a higher degree of information
aggregation frictions.

Theorem 2 instead focuses on the variability of prices relative to expected and realized dividends.
We show that prices are always more variable than expected dividends, and may even be more
variable than realized dividends if the information aggregation wedge is sufficiently severe, and
in extreme limiting cases, the variability of prices may exceed that of realized dividend by any
arbitrary factor. Moreover, the correlation between price and realized dividends may be arbitrarily

close to zero.!

We use our theory to revisit classic results from arbitrage-free asset pricing. In form of the
Modigliani-Miller Theorem, the exhaustion of all arbitrage opportunities implies that the total
market value of any given cash flow is not influenced by how it is divided into separate securities.
Absent distortions inside the firm, a firm’s optimal capital structure is indeterminate and discon-
nected from its market valuation. Capital structure theories then focus mostly on trade-offs inside
the firm that affect the generation of cash flows, such as agency costs, information frictions or tax
distortions, taking as given that the market value of the resulting cash flow is not affected by its
split into different securities.

Consider therefore a seller who is splitting a given cash flow into two pieces which are sold
to separate investor pools in two different markets, and suppose that at least one of the pieces is
dominated either by upside or by downside risk. The expected revenue of the seller is not affected by
the split, if and only if the two markets are characterized by identical informational characteristics.
When the investor pools differ, the seller can manipulate her expected revenue by selling downside
risks in the market with smaller information aggregation frictions, and upside risks in the market
with larger information aggregation frictions. The seller maximizes expected revenue by completely
separating upside and downside risks, splitting the cash flow into a debt claim for the downside,
and an equity claim for the upside, with a default point for debt at the prior mean. All these results
follow directly from the increasing difference property. In contrast to capital structure theories that

are based on internal frictions, we take cash flows as given, and focus exclusively on investor beliefs

1To formulate these results for arbitrary payoff risks, we define the variability of a random variable by its expected
squared deviation from the variable at the prior mean fundamental, i.e. E (P (z) — P (0))? for prices. Similar results
can be obtained for other variability measures such as variance or coefficient of variation, but they are less sharp, due

to the confounding 2nd-order effects.



and limits to arbitrage, factors that are external to the firm.

Arbitrage-free asset pricing further implies the existence of a common stochastic discount factor
that can be used to price all stochastic cash flows. This imposes testable restrictions on the joint
evolution of prices and returns for different categories of assets, which serve as a benchmark for
understanding observed price fluctuations. For example, the observation of highly volatile asset
prices despite seemingly stable underlying cash flows has lead to a large literature of risk-based
explanations of asset returns to account for the observed high price volatility.

We revisit this “excess volatility puzzle” by considering a simple infinite horizon extentsion
of our static model with a long-lived asset that is traded repeatedly. For a levered equity claim
with bounded downside, and unbounded upside risks, the anticipation of positive wedges in future
periods leads to higher prices in the current period. Furthermore, the bound on downside risks
imposes a floor on the undervaluation of current cash flows. The combination of anticipated future
overvaluation with a limit on the current undervaluation implies that the claim may be overvalued
in all periods and at all states. Moreover the existence of unbounded upside risks implies that prices
may become infinitely volatile. Yet the correlation of prices with the firms’ current fundamentals
may be arbitrarily close to zero. These features arise when informational noise is sufficiently severe.
They are qualitatively consistent with Shiller’s observation that expected dividends are much less
volatile than share prices, and that shares appear to be consistently over-valued, relative to expected
dividends, even after periods of large price declines.

Third, with no arbitrage, prices offer an unbiased estimate of risk-adjusted expected future cash
flows, conditional on the currently available information. Bayes’ rule then imposes restrictions on
the effects of news disclosures on prices. For example, increased transparency, i.e. more accurate
information about future cash-flows, always brings prices closer to fundamentals. In general, this
also makes market prices more variable.

In our theory, the flip-side of the marginal trader’s excess response to the market price is that
he under-reacts to exogenous news about fundamentals. When the information aggregation wedge
leads to significant excess price volatility, increased transparency can serve to stabilize prices. At
the same time, however, this may also drive prices further away from expected dividends, because
prices fail to fully incorporate the information content of disclosures. These effects of transparency
are non-monotone: once the transparency is high enough to crowd out the market price as an
important information source, the information aggregation wedge disappears, and we converge to
arbitrage-free asset pricing.

Finally, we discuss the theoretical robustness of the information aggregation wedge, generalizing



distributional assumptions for fundamentals and signals, allowing noise traders to partially arbitrage
the wedge, and discussing the connection with the CARA-normal model. There the wedge exists as
well, but the distributional assumptions imposed by the CARA-normal model limit the analysis of
the wedge to linear, symmetric risks, which precludes implications for unconditional returns. Any

premia or discounts in the average price are based entirely on risk premia.?

Our paper contributes to a large literature on noisy information aggregation in asset markets,
including the papers cited above. Our formulation of the asset market draws on Hellwig, Mukherji,
and Tsyvinski (2006). The assumption of risk neutrality, which allows us to obtain the general
characterization, is both a virtue and a limitation. On the one hand, it induces a form of risk-
neutral pricing, which eliminates risk premia as an explanation of prices and therefore highlights the
role of limits to arbitrage. On the other hand, this also limits the possibility to integrate our theory
with alternative risk-based theories of asset pricing. Remarkably, the information aggregation
wedge appears to have received little attention so far, even though it is responsible for many of
the rich effects of noisy information aggregation, and helps us unify their interpretation. The only
written discussion of this observation that we have found appears in Vives (2008).

Another large literature emphasizes limits to arbitrage and heterogeneous beliefs as potential
sources of bubbles, mis-pricing, and other market anomalies (Harrison and Kreps, 1978; Chen,
Hong and Stein, 2002; Sheinkman and Xiong, 2003; Hong and Stein, 2007). These models are
based on exogenous agents’ beliefs (heterogeneous priors) and oftertimes use highly restrictive
assumptions on underlying dividends to isolate specific aspects of market behavior. In contrast,
we formulate a parsimonious model in the REE tradition in which traders’ beliefs update using
all available information, including equilibrium prices, according to Bayes rule. The model offers
general implications on prices for a rich specification of cash flows, allowing a more systematic
discussion about the conditions under which asset prices differ from expected dividends, and how
the mispricing depends on the features of the environment or asset characteristics. In this sense,
our theoretical contribution pushes us much closer towards offering clear falsifiable predictions for
prices and returns on a general class of securities.

In section 2, we describe our model and provide the equilibrium characterization of asset prices.
In section 3, we define the information aggregation wedge and discuss at length the resulting

prediction for conditional and unconditional asset returns. Section 4 uses the insight offered by

2Because portfolios are linear in posterior beliefs and adjustments take place on the intensive rather than the
extensive margin, the reasoning is applied to a shift in the average (not marginal) investor, but the characterization

based on a compositional shift is otherwise the same.



these two results to revisit the Modigliani-Miller theorem, the excess volatility puzzle and the effects

of public disclosures. Section 5 concludes the analysis with the robustness discussion.

2 Model

2.1 Agents, assets, information structure and financial market

The market is cast as a Bayesian trading game with a unit measure of risk-neutral, informed traders,
a stochastic measure of uninformed “noise traders”, and a ‘Walrasian auctioneer’. There is a risky
asset whose supply is normalized to a unit measure, and whose dividend is a strictly increasing and
twice continuously differentiable function 7(-) of a stochastic “fundamental” 6.

At the start, nature draws 6 according to a normal distribution with mean 0, and unconditional
variance o3, 6 ~ N(0, 03). Each informed trader i then receives a noisy private signal x; which is
normally distributed with a mean @ and a variance 57!, and is i.i.d. across traders (conditional
on ), z; ~ N(6,571). They each decide whether to purchase up to one share of the asset at the
prevailing price P, in exchange for cash. Formally, trader ¢ submits a price-contingent demand
schedule d;(-) to maximize her expected wealth w; = d; - (7(6) — P). Traders cannot short-sell
the asset or buy additional shares in the market, restricting demand to [0, 1]. Individual trading
strategies are then a mapping d : R? — [0,1] from signal-price pairs (z;, P) into asset holdings.

Aggregating traders’ decisions leads to the aggregate demand by informed traders, D : R? — [0, 1],

D(9,P) = /d(m,P)d(I)(\/B(x—H)), (1)

where ®(-) denotes a cumulative standard normal distribution, and ®(y/B(z — 6)) represents the
cross-sectional distribution of private signals x; conditional on the realization of .3 In addition,
there is a stochastic demand for the asset from noise traders, which takes the form ® (u), where u
is normally distributed with mean zero and variance o2, u ~ N(0,02), independently of 6. This
specification is adapted from Hellwig, Mukherji, and Tsyvinski (2006), and allows us to preserve
the tractability of Bayesian updating with normal posterior beliefs.*

Once all traders have submitted their orders, the auctioneer selects a price P to clear the

market. Formally, the market-clearing price function P : R? — R selects P from the correspondence

P0,u) = {P eR: D@, P)+ d(u) =1}, for all (0,u) € R25 After all trades are completed, the

3We assume that the Law of Large Numbers applies to the continuum of traders, so that conditional on 6 the
cross-sectional distribution of signal realizations ex post is the same as the ex ante distribution of traders’ signals.

4We generalize this demand specification in Section 4.2 allowing for price-elastic demands by noise traders.

"We can without loss of generality restrict the range of P (-) to coincide with the range of 7 (-).



dividends 7(0) are realized and disbursed to the owners of the asset.

Let H(:-|x,P) : R — [0,1] denote the traders’ posterior cdf of 6, conditional on observing a
private signal z, and conditional on the market price P. A Perfect Bayesian Equilibrium con-
sists of demand functions d(z, P) for informed traders, a price function P(6,u), and posterior
beliefs H(-|z, P) such that (i) d(z, P) is optimal given H (:|x, P); (ii) the asset market clears for
all (0,u); and (iii) H(-|x, P) satisfies Bayes’ rule whenever applicable, i.e., for all p such that
{(0,u) : P(6,u) = p} is non-empty.

2.2 Equilibrium Characterization

We begin by characterizing informed traders’ demand. With risk-neutrality, the trader’s expected
value of holding the asset is [ m(0)dH (f|z, P). Since private signals are log-concave and m(-)
is increasing in 6, posterior beliefs H(-|x, P) are first-order stochastically increasing in x, and
[ w(0)dH (0|z, P) is strictly increasing in z, for any P that is observed in equilibrium. The traders’
decisions are therefore characterized by a signal threshold function & : R — RU{£o0}, such that
d(wi, P) = I;,>3(p), that is, the trader places an order to buy a share at price P, if and only if
x; > &(P). The trader who observes the signal equal to the threshold, x = & (P), and who is
therefore indifferent, is called the marginal trader. The signal threshold is uniquely defined by

z(P) = +oo if lim [ w(0)dH (0|x,P) < P,

T—+00
#(P) = —oo if l_z;@ n(0)dH (0|xz, P) > P,
P = /W(@)dH (0|z(P), P) otherwise. (2)

Expression (2) illustrates three cases: (i) if the most optimistic trader’s expected dividend is lower
than the price, no trader buys so the signal threshold becomes +oo; (ii) if the most pessimistic
trader’s expected dividend exceeds the price, all traders buy and the threshold for buying is —oo;
(7i7) only some traders buy, and the threshold #(P) takes an interior value at which the marginal
trader’s posterior expectation of the dividend must equal the price. Aggregating the individual trad-
ing decisions, the informed demand is D(6, P) = f;FP) 1-do(\/B(x—0))=1—-d(/B(z(P)—-0)),
which equals 0 if Z(P) = 400, and 1 if #(P) = —oo.

Next, we analyze the market-clearing condition. Since ®(u) € (0,1), in equilibrium, &(-) must
be finite for all P on the equilibrium path, and satisfy the third condition in (2). From the market-
clearing condition, we then have ®(v/B (Z(P) —6)) = ® (u), which allows us to characterize the



correspondence of market-clearing prices:
1

P(Q,u)z{PGR:ﬁ:(P)zG—F\/Bu}. (3)

From now on, we focus on equilibria in which the price is conditioned on (6, u) through the
observable “state” variable z = 6+1/+/3-u. The next lemma characterizes the resulting equilibrium

beliefs. All proofs are provided in the appendix.

Lemma 1 (Information Aggregation) (i) In any equilibrium with conditioning on z, the equi-
librium price function P(z) is invertible. (ii) Equilibrium beliefs for price realizations observed
along the equilibrium path are given by

- - Ba + o, * - &(P)
H(9|$,P):q><\/092+5+ﬂ0u2 (9— 09_2_’_6_1_50172)). (4)

Part (i) of the Lemma exploits the invertibility to arrive at a complete characterization of
posterior beliefs H(-|x, P). With invertibility, we can summarize information conveyed by the price
through z. Conditional on 6, z is normally distributed with mean @ and variance o2 /3. Thus, the
price is isomorphic to a normally distributed signal of 8, with a precision that is increasing in the
precision of private signals, and decreasing in the variance of demand shocks.

Using Lemma 1 we rewrite (2), the indifference condition that defines the signal threshold z(P):

)
p— / (6)d® <\/092 + B+ Boa? (0 - _f:;% _2:E(P)>> . (5)
T, Ou

This condition equates P to the marginal trader’s expectation of dividends. The latter also

depends on P through its effect on posterior beliefs. Using the market-clearing condition &(P) = z,

Proposition 1 uniquely characterizes the market equilibrium.®

Proposition 1 (Asset market equilibrium) For any increasing dividend function w(-), an as-
set market equilibrium exists, is unique, and characterized by the price function P (z) and the

traders’ threshold function &(p) = z = P! (p), where

™

2
Pi(2) =E(r(0)|x = 2,2) = /w(@)d(b <\/002 + B8+ Bou? (0 B+ Boy z)) . (6)

00_2—1-54-60;2

The price function Pr(z) is uniquely defined and strictly monotone, and therefore defines the

unique market equilibrium.”

5Notice that this only implies the uniqueness of the equilibrium that conditions on the summary statistic z, not

overall uniqueness of the equilibrium characterized in proposition 1.
"We'll index n equilibrium function or variable by 7 to make explicit that it is derived from a specific dividend

function 7 (+), i.e. P (+) is the equilibrium price function that is derived from dividend function = (-) by equation 6.



3 The Information Aggregation Wedge

3.1 Conditional Information aggregation wedge

We now discuss how noisy information affects equilibrium prices and expected dividend values.
To be precise, we form expectations of dividends from the perspective of an outside observer (or
“econometrician”) who does not have access to any private signal about 6, but knows the parameters
of the game and observes the realization of the price P, or equivalently the state z. This outsider
holds a conditional belief that 8|z ~ N (8o 2/ (0,2 + Bo,2) - 2,03 + 02/83), and therefore has an

expectation of dividends conditional on public information z, denoted V;(z), which is equal to

o2
Va(2) =E (n(0)]z) = /W(G)dq) (\/09_2 + Bon? (0 — af—l—uﬁaQZ)) . (7)
0 u

The main observation from comparing Proposition 1 with equation (7) is that at the interim
stage —when the share price is observed but before dividends are realized— the equilibrium price
differs from the expected dividend, conditional on the public information. This difference is due to
the impact of private information on equilibrium prices. We label this difference the information
aggregation wedge, Wr(z) = Pr(2) — Vz(2).

The price Pr(z), and the expected dividend conditional on public information, V;(z), differ
in how expectations of # are formed. The price equals the dividend expectation of the marginal
trader who is indifferent between keeping or selling her share. This trader conditions on the market
signal z, as well as a private signal, whose realization must equal the threshold Z(P) in order to be
consistent with the trader’s indifference condition. The trader treats these two sources of informa-
tion as mutually independent signals of . At the same time, the market-clearing condition implies
that #(P) must equal z in order to equate demand and supply of shares. The marginal trader’s
expectation E (7(0)|z = z, z) thus behaves as if she received one signal z of precision 3 + fo?
instead of B0, 2. In contrast, the expected dividends E (7(6)|z) conditional on P (or equivalently
z) weighs z according to its true precision Bo, 2.

Alternatively, we can view the difference in the responsiveness of price and the expected dividend
conditional on the price, as the result of a compositional change in the identity of the traders holding
the shares. An increase in z raises the price and expected dividend through a direct effect on all
traders’ expectations. This is reflected in the weight So? attributed to z in both Py (z) and Vi (z).
In addition, an increase in z changes the identity of the marginal trader: since the random demand
for shares is larger (on average) for a higher z, market clearing requires more selling from the

original shareholders. This implies that the new marginal trader must have higher expectations

10



about the dividend, which holds in equilibrium since her private signal now corresponds to the
higher realization of 2.8 The resulting extra shift in prices is captured by the additional weight 3
attributed to z in the price function.

Belief heterogeneity and limits to arbitrage are both necessary ingredients to obtain the wedge.
If instead all informed traders have access to a common signal z of fundamentals, they all hold
identical expectations and must be indifferent between buying and not buying to clear the market.
But this requires that the price equals the common expectation of the dividend, i.e. Py (z) = Vi (2).
The same result applies with free entry of uninformed arbitrageurs (Kyle, 1985).

The remainder of this subsection describes properties of the wedge, conditional on z, which will

form the basis for our main results on expected returns and price volatility. To this end, we define

, B+ Bo,? ond ~ Bo, >
P = —— — V = —
092+ﬁ+ﬁau2 092+B0u2

as the response coefficients of Pr(:) and V(-) to innovations in z. The equilibrium price and

expected dividends are then rewritten as:

V) = [ wvs o/ T= v  du
Po(z) = [ wlws o0y T= )6 (u) du

This formulation summarizes the difference between the price and the expected dividend by the
response parameters vp and 7y which measure the marginal trader’s and outsider’s update to z.
These parameter enter Pr(-) and Vi(-) in two ways: the marginal trader’s expectation responds
more strongly to z, and his residual uncertainty 6 is lower - o7 (1 — yp) instead of 03 (1 — 7). From
an ex ante perspective, z ~ N (0, ag / fyv). Using a third-order Taylor expansion, we approximate

the wedge by
2
War(z) = 7 (ypz) — m(wz) + 70 (7" (vp2z) (1 —vp) — 7" (wz) (1 —w)]

Here, the term 7 (ypz) —7 (v z) captures the shift in expectations, while the second term in squared
brackets captures the role of residual uncertainty. The latter plays a role only if 7 () is non-linear,
and in that case matters through second- and higher derivatives. The shift in expectations from

vy z to ypz amounts to a mean-preserving spread from an ex ante perspective, and is therefore a

81f z increases because of 6, the distribution of private signals shifts up, decreasing supply for a given P. If instead
z increases because of u, the distribution of signals and hence supply remains unchanged, but the demand for shares

has gone up. Of course, in equilibrium traders cannot disentangle these two possibilities from observing the price.

11



source of increased variability in the price, relative to expected fundamentals: 7 (ypz) — 7 (yy 2)
crosses 0 at a single point, where z = 0, is negative when z < 0, and positive when z > 0.

When 7 (+) is linear, this is the only effect entering the analysis. For the linear dividend 7(6) = 0,
panel a) of figure 1 plots the price (solid line), the expected dividend (dashed line) and conditional
wedge (dashed-dot line) as a function of the state variable z. The price is more sensitive to
innovations in z than the expected dividend, resulting in a wedge Wr(z) = (yp — yv)z that is
negative for z < 0, zero for z = 0, and positive for z > 0. This excess sensitivity of the wedge
results because only the higher sensitivity of expectations matters for the characterization, while
the residual uncertainty plays no role.

Residual uncertainty, on the other hand, shifts the level of the wedge up or down, depending
on a comparison between the residual uncertainty levels 1 — yp relative to 1 — 7y, and the second
derivatives 7" (ypz) and ©”(yy z). At the prior mean z = 0, the second derivatives are comparable,
so the reduction of uncertainty implies a negative wedge if 7”(0) > 0, and a positive wedge, if
7”(0) < 0. Away from z = 0, the third- and higher derivatives may reduce or even overturn
this effect, and therefore make it impossible to offer precise results on the shape of Wy (-) without
additional restrictions. The following cubic example shows that W (-) need not be monotone, and

it may also cross 0 at multiple points.

Example 1: Suppose that m (0) = 6 +af3, with a > 0 to ensure monotonicity of 7. For a cubic

function, the above approximation holds exactly, so that

Wr(2) = (vp — W)z + a(vp — 1)2° + 3azoj [yp (1 — vp) —w (1 — )]

where the first two terms correspond to the shift in means, and the last to the shift in residual
uncertainty. If yp ++y > 1 and a sufficiently large, W/ (0) < 0. Moreover, we also have W (0) = 0,
and it therefore follows immediately that W (-) is non-monotone and crosses 0 in three different
locations.

Our second example, plotted in panel b) of figure 1, offers a case in which all the insights from
the shifts in means and residual uncertainty hold more generally. We will use this example to
illustrate the main theoretical results on expected prices and price volatility. The challenge for the

remainder will be to establish that these results hold more generally.

Example 2: Suppose that 7 (0) = %ew, with k # 0. Then, expected dividends, prices and the

12



Figure 1: Conditional Price, Expected Dividend and Wedge

a) Linear dividend function b) Cubic dividend function (a = 10)
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c) Exponential dividend function (k = 2) d) Exponential dividend function (k = -2)
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wedge are characterized by:

2 2
Vil(z) = %ekww%ag(lwv)’ pﬂ(z):lempw%aguﬂp)

We(2) = Pr(2) (1 _ e_k’(’YP_’YV)Z"‘k;(’YP—’YV)Ug) )

In this case, the price and expected dividend are both exponential functions in z, with a stronger
reaction of prices to z. The residual uncertainty affects both V; (z) and P (z) multiplicatively, but
the factor is larger for V; (z), reflecting the fact that residual uncertainty is greater for the outsider.

If k£ > 0, we then have a dividend function that is increasing, convex, and bounded below by zero
(figure 1, panel c¢). The wedge is negative at z = 0, but increasing and convex in z, for z > 0 and
crossing 0 at z = %ag > 0. For z < 0, Wy (2) is negative, and non-monotone, decreasing at first,
reaching its lowest value at some intermediate point, and increasing from there on. The reverse

image obtains when k < 0, in which case 7 is increasing, concave, and bounded above by zero (figure
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1, panel d). The wedge then is positive at z = 0, and for negative values, W (-) is increasing and
concave (crossing 0 at z = 40,2 < 0). For z > 0, W, (") is at first increasing and then decreasing
and converging to 0 after reaching an interior maximum. This example thus confirms the intuitions
from the shift in means which makes P (z) more responsive to a shift in z, and the shift in residual
uncertainty that is captured by the multiplicative factors. The curvature parameter k governs the
shape of the wedge function, and whether the residual uncertainty increases or decreases the wedge.

We use this example to illustrate our two main results. First, we show that the expectation of
the expected wedge is positive if and only if £ > 0, and negative if k¥ < 0. That is, the security
trades at a premium in the case with convex dividends and upside risks, and at a discount in the

case with concave dividends and downside risks. Taking expectations, we have

2 k2
E(Vy(2) = 1/k-e5%, E(Pr(2) = 1/k- ¢ 7 i+ (GE 1))
and E(W,(2)) = 1/k- e%‘fg {e’fag(VP/vv—l)VP _ 1} :

which is positive, whenever k > 0, and negative, whenever k < 0 (and can be checked to approach
0 continuously as k — 0).

Second, we show that the model exhibits excess price volatility. Focusing on log variances
for analytical convenience, we have: Var (logn (0)) = k?c2, Var (logVx (2)) = ko3, and
Var (log Py (2)) = v%/vv - k*03. Therefore, we observe that Var (log Py (2)) > Var (log Vx (2)), for
any parameter set. Moreover, if the information aggregation wedge becomes sufficiently important,
then we may have 7%/yy > 1, and therefore Var (log Py (2)) > Var (logm (0)). This results in
particular in two limiting scenarios: (i) if for given 7y < 1, vp approaches 1, i.e. the informed
traders have very precise signals for given level of information in the price, or if vy — 0, while vp
is bounded away from 0. In this case, the market becomes very noisy, for a given level of private
information. On the other hand, the Var (log V; (2)) is always less than Var (log 7 (6)), which is a
standard result for Bayesian updating with noisy signals (Blackwell’s theorem).

Our main two theorems generalize the observations from these examples. Theorem 1 below
establishes that the sign and magnitude of the average wedge on the comparison of upside vs.
downside risks. Theorem 2 generalizes the result that prices are more variable than expected

dividends, and in some cases even more variable than realized dividends.

3.2 Unconditional information aggregation wedge

We obtain much sharper results for the unconditional expected information aggregation wedge.

Let W, = E (W, (2)) denote the expected information aggregation wedge associated with a payoff
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function 7(-). The next lemma provides a characterization of W which forms the basis for the

subsequent comparative statics results.

Lemma 2 (Unconditional Wedge) Define op as 0% = o5 (1 + (vp/yv — 1) vp). The uncondi-

tional information aggregation wedge Wy is characterized by

Wi (0p) = /OOO (' (0) — ' () <<1> <f9> B <fp>> do.

This characterization allows us to clearly separate the effects of the payoff function or its deriva-
tive, from the informational parameters, which are summarized by op > gy, a parameter that sum-
marizes the importance of informational frictions in the market. By taking ex ante expectations
over z, the shifts in mean and residual uncertainty combine into a mean-preserving spread of the
weights associated with different realizations of #. From an ex ante perspective, the marginal trader
places more weight on the tails of the fundamental distribution. The parameter op measures the
importance of this mean-preserving spread, and fully summarizes the impact of the informational
environment on the market price. This result can intuitively be understood as follows: the marginal
trader’s posterior of ¢, conditional on z is normal with mean ypz and variance (1 —yp)o3. The
prior over z on the other hand is normal with mean 0 and variance 03 /7v. Therefore compounding
the two distributions, the marginal trader’s prior over # is characterized as a normal distribution
with mean 0 and variance equal to (1 —yp) o3 + 7502 /vy = 0%. The outsider on the other hand
holds a posterior that 6, conditional on z is normal with mean vy z and variance (1 — yy) 03, his
prior over 0 is (1 — yy) 02 +yvos = o3.

We use this to sign the wedge as a function of the shape of the dividend function, and to offer
comparative statics with respect to 7 and the informational parameters yp and 7. Our next

definition provides a partial order on payoff functions that we will use for the comparative statics.

Definition 1 (i) A dividend function © has symmetric risks if 7' () = «' (—6) for all § > 0.
(11) A payoff function 7 is dominated by upside risks, if ©' (0) > 7' (—0) for all @ > 0. A payoff
function m is dominated by downside risks, if 7' (0) < 7' (—0) for all 6 > 0.

(iii) A dividend function w1 has more upside and less downside risk than wo if ) (0) —7) (—=0) >

7h (0) — h (—0) for all 6 > 0.

This definition offers a criterion for comparing the asymmetries between different payoff func-
tions, and classifies them by comparing marginal gains and losses at fixed distances from the prior
mean to determine whether the payoff exposes its owner to bigger payoff fluctuations on the up-

side or the downside. Any linear dividend function has symmetric risks, any convex function is
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Figure 2: Dividend risk types

upside risk
= = = symmetric risk
o downside risk 1

0 05 1
———> 0 (st.dev.)

dominated by upside risks, and any concave dividend function is dominated by downside risks.
The classification however also extends to non-linear functions with symmetric gains and losses, as
well as non-convex functions with upside risk or non-concave functions with downside risk. The
following Theorem summarizes the comparative statics implications that follow directly from this

partial order, and the characterization in lemma 2.

Theorem 1 (Average prices and returns) (i) Sign: If m has symmetric risk, then W = 0. If
w is dominated by upside risk, then W, > 0. If m is dominated by downside risk, then W, < 0.
(ii) Comparative Statics w.r.t. w: For given 0%3, if m1 has more downside and less upside
risk than ma, then Wy, > W, .
(iii) Comparative Statics w.r.t. o%: If m is dominated by upside or downside risk, then
|\Wrl| is increasing in op. Moreover, limy, 4, |[Wx|| = 0.

(iv) Increasing differences: If m has more downside and less upside risk than ma, then

W, (0p) — Wa, (op) is increasing in op.

This theorem summarizes how the shape of the dividend function and the informational param-

eters combine to determine the sign and magnitude of the unconditional information aggregation
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wedge. It shows that unconditional price premia or discounts arise as a combination of two ele-
ments: upside or downside risks in the dividend profile 7,and an impact of private information on
market prices (yp > 7). The latter requires that updating from prices is noisy (yy < 1). This
Theorem forms the first part of our core theoretical contribution, and shows that noisy informa-
tion aggregation may influence conditional and unconditional returns of assets through their payoff
profile and the informational characteristics of the market.

The result is easily understood from our interpretation of the wedge as the expected value of a
symmetric, mean-preserving spread of the true underlying fundamental distribution.

Part (7) shows that the sign of the wedge is determined by whether 7 is dominated by upside
risk, downside risk, or symmetric. When the dividend function has symmetric risk, the gains from
this spread on the upside exactly cancel the expected losses on the downside, and the total effect is
0 (part (7)), when the dividend is dominated by upside risks, the expected upside gains dominate,
and hence the value of the mean-preserving spread is positive, while when the expected dividend
is dominated by downside risks, the expected losses on the downside dominate, and hence the
expected value of the spread is negative.

Parts (i7), (iii), and (iv) complement the first result on the possibility of price premia or
discounts with specific predictions on how its magnitude depends on cash flow and informational
characteristics.

Part (ii) shows that an asset with more upside or less downside risk will on average have a higher
price premium or a lower price discount, all else equal. Thus, returns will on average be lower (and
prices higher) for securities that represent more upside risks. Simply put, the mean-preserving
spread becomes more valuable when the payoff function shifts towards more upside risk.

Part (i7i) shows the role of informational parameters. For a given payoff, the wedge increases
in absolute value as the information aggregation friction has bigger effects (higher op). For a given
set of upside or downside risks, a bigger mean-preserving spread generates bigger gains or losses.

Moreover, a wedge obtains only if yp > 7y, i.e. if the heterogeneous beliefs have an impact on
price, and the wedge is increasing in yp and decreasing in vy, that is precision of market information
and precision of private information move the wedge in opposite directions. The absolute wedge
becomes largest, and approaches infinity, when vy — 0. This obtains, if for a given value of 3, the
market noise becomes infinitely large. In this limiting case, the marginal trader remains responsive
to z, even though the z is infinitely noisy.

Part (iv) shows that the average wedge has increasing differences between the dominance of

upside risk and the level of market noise. This implies that the effects of market noise and asym-
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metry in dividend risk are mutually reinforcing on the magnitude of the wedge. In fact all the other
results can be seen as direct consequences of a zero wedge for symmetric risks, and the increasing
difference property.

Importantly, our results on differences between expected prices and dividends are not a conse-
quence of irrational trading strategies, behavioral biases of investors, or agency conflicts. Nor are
such differences accounted for by risk premia (since traders are risk neutral). Our model thus offers
a theory in which average prices can differ systematically from expected dividends can generally
differ as a result of the interplay between the dividend structure and the partial aggregation of
information into prices, in a context where traders hold heterogeneous beliefs in equilibrium and

arbitrage is limited. To our knowledge, this channel is new to the literature.

3.3 Excess Price Variability

Our second main result concerns the variability of prices, relative to expected dividends and realized
dividends. As can readily be seen from the above characterizations, if W, () > 0, it can be
seen immediately that the unconditional variance of prices (prior to realization of z) exceeds the
variability of expected dividends. Consider furthermore the limiting case where yp — 1, in which
P, (z) — m(2). Since the variance of z exceeds that of 6, it follows immediately that in this limit,
where the informed traders’ signals become arbitrarily precise, the variability of prices can exceed
the variability of dividends. The same observations also arose immediately from the linear and the
log-normal models.

Our second theorem generealizes these observations. To do so, we will need to impose some
restrictions to handle the non-linearities and higher-order effects that are confounding the compar-
ative statics of W, w.r.t. z. Concretely, we will focus on risks that are symmetric or dominated
by the upside or downside, and we will focus on E ((RT (2) — Pr (O))Q), E ((V7r (2) = Vx (0))2> and
E <(7r @) —m (0))2> as our criterion for the variability of prices, expected dividends, and realized
dividends, respectively, rather than the unconditional variances. The next theorem states our main

result concerning excess variability:

Theorem 2 (Excess variability of prices) For any payoff function 7 (-) that is symmetric, dom-
tnated by upside, or dominated by downside risk:
(i) The variability of expected dividends is always less than the variability or realized dividends

and the variability of prices:
E (Ve (2) = Vi (0))*) <E((7(6) = 7(0))) and E (Vs () = V2 (0))°) < E ((Pr () = Px (0))*)
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(ii) The excess variability of prices relative to expected dividends is increasing in yp and de-
creasing in Yy .

(tit) For any ~yv, if vp is sufficiently high, then the variability of prices exceeds the variability
of realized dividends. The same occurs if, for given vp, vy is sufficiently low.

(iv) If w (-) is unbounded on one side, then lim,, oE <(P7r (z2) — Pr (0))2> =00

This theorem summarizes our findings regarding price variability, and shows that in the limit
where the market becomes very noisy, price variability may become arbitrarily large, and even
exceed the variability or realized dividends. This occurs because the response of prices to z is
bounded away from 0, even if prices become infinitely noisy. At the other extreme, we also obtain
excess price variability (beyond the variability of realized dividends), if the private signals become
arbitrarily precise.

The statement of the result relies on two restrictions which we used for analytical tractability.
First, the focus on a variability measure which combines a variance with a bias between the average
price and the price at the average fundamental. This formulation is the one giving us easily inter-
pretable results. In the proof, we break down the comparison between E ((Pw (2) — Pr (0))2) and
E ((V7r (2) =V (O))Q) into two parts: first, we compare E ((P7r (2) — Pr (0))2> where the expecta-
tions are taken with respect to the true distribution of z, 2 ~ N (07 Ug/ ’Yv) with the alternative
expectations taken under the distribution z ~ N (0, ag /’yp), under which the market’s expecta-
tions are consistent with Bayes’ rule. This offers us a measure of the variability coming from the
over-reaction to z. Second, we consider the comparison between E ((Pﬂ (2) — Pr (O))Q) under the
distribution z ~ N (0,02 /vp), and E ((‘/7T (2) = Vx (0))2> under the distribution z ~ N (0,03 /yv).
This second comparison measures the effects of having less residual uncertainty about 6. In effect,
we are doing the comparison by inter-posing between the marginal trader and our uninformed out-
sider, a third person who observes signal z that has the same precision as the information observed
by the marginal trader. This third person is fully Bayesian, like the outsider, but has information
of the same precision as the marginal trader.

We then show that these two terms have clear comparative statics implications. The first, over-
reaction effect always increases the variability of prices, and enough to generate price volatility in
excess of the variability of dividends. The second comparison can be broken down into a comparison
of variances of Py (z) and V; (z) under their respective distributions for z, and a comparison of
biases. The comparison of variances follows directly using Blackwell’s comparisons for information

content of signals. To compare the biases, we use the fact that we can easily order them for
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distributions that are symmetric, or dominated by upside or downside risk. This is the only place
where the restriction to dividends that are dominated by upside or downside risk plays a role.
Similar results can be shown for variances or variability more generally, if one is willing to impose
other restrictions on payoffs (to guarantee that W/ (-) > 0, for example), or restrict attention to
situations where the gap between vp and vy is sufficiently large.

Finally, because of Blackwell’s informativeness conditions, the variance and bias terms will on
their own never generate prices that are more variable than realized dividends. This form of excess
price variability results only if there is enough over-reaction to over-turn the Variance and Bias

terms, which would are on their own smaller than the variability in realized dividends.

4 Applications

In this section, we apply our theory to reconsider the Modigliani-Miller Theorem, the excess volatil-

ity puzzle, and the impact of public disclosures and transparency on asset prices.

4.1 Splitting Cash-flows to influence market value

The Modigliani-Miller theorem states that in perfect and complete financial markets, splitting a
Cash-flow into two different securities, and selling these claims separately to investors does not
influence its total market value (Modigliani and Miller, 1958). Here we show that with noisy in-
formation aggregation, the Modigliani-Miller theorem remains valid only if the different claims are
sold to investor pools with identical informational characteristics. When the investor pools for
different claims have different characteristics, then the nature of the split influences the seller’s
revenue. The seller in turn can increase her revenues by tailoring the split to the different investor
types.

Consider a seller who owns claims on a stochastic dividend 7 (-). This Cash flow is divided into
two parts, m; and 72, both monotone in 6, such that 71 + 73 = 7, and then sold to traders in two
separate markets. We suppose that either m; is dominated by downside risks, or 7o is dominated
by upside risks (or both). For each claim, there is a unit measure of informed traders, who obtain

a noisy private signal x; ~ N (9, B; 1), and a noise trader demand ® (s;), where

s1 0 o2

o N u,l ,OO'u,lau,2
- )
2
S9 0 POy 1042 T2

That is, each market is affected by a noise trader shock s; with market-specific noise parameter

ai ;- The environment is then characterized by the market-characteristics 3; and ai ;» and by the
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correlation of demand shocks across markets, p. Traders are active only in their respective market.
However, we consider both the possibility that traders observe and condition on prices in the other
market (informational linkages), and the possibility that they don’t (informational segregation).
Under informational segregation, the analysis of the two markets can be completely separated;
any correlation between the two in prices is the result of correlation in demand shocks, as well as the
common underlying fundamental, but this doesn’t influence expected revenues. The equilibrium

characterization from proposition 1 applies separately in each market:
P (z) = E (mi(0) |z = 2, 253 Bi, 00 3) and V; (z) = E (m3(0) 253 Bi, 0 ;) -

The seller’s total expected revenue in excess of the cash flow’s expected dividend value is then
given by Wy, (op1) + Whr, (0p2), where op; is determined as in lemma 2, and denotes the level of
informational frictions in each market.

With informational linkages, the equilibrium analysis has to be adjusted to incorporate the
information contained in price 1 for the traders in market 2, and vice versa. The characterization
proceeds along the same lines as the previous model. Since expected dividends are monotone,
informed traders in market ¢ will buy a security if and only if their private signal exceeds a threshold
Z; (+), where Z; (-) is conditioned on both prices. By market-clearing, it must be the case that
2 (-) =2z, =0+ 1/\/B; - s;. Observing P; is then isomorphic to observing z;, and observing both
prices is isomorphic to observing (z1, z2). We let (21, 2z2) denote the state, and consider equilibrium
price functions P (-) and P; (-) that are measurable w.r.t. (z1,22). It is then straight-forward to
characterize posterior beliefs over 6 using Bayes’rule, and to characterize the traders’ indifference

conditions and hence the market price functions, and expected dividends, conditional on (z1, 22):

Py (z1,20) = E(m(0)|z = 21;21,22) and Vi (21, 22) = E (71(0) |21, 22)
PQ (21722) = E(?TQ(H)L’L’ = 22;21,2’2) and ‘/2 (2’1,2’2) = E(F2(9)|2’1,22)

In Appendix B, we fully characterize expected prices and dividends for this two asset model.

In particular, we show the following modified version of lemma 2.

Lemma 3 (Unconditional Wedge with two assets) For each cash-flow m;, the unconditional

information aggregation wedge Wy, is characterized by

W, (0pi) = /OOO (7} (6) — m; (=0)) <<1> <(fe> — @ <Ui>) df, where

' 1
o = U%(ﬁflvf(”f’ii) and V = 0" + 1= (fi + 5 —2%@)
' o u,1 u,2 u,10,2
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Therefore, the cases of informational segregation and informational linkages therefore only differ
in terms of how our measure of informational frictions op; depends on the underlying primitive
parameters in each case, but given for given values of m; and op;, the seller’s expected revenue
net of expected dividends in both cases is Wy, (op1) + Wi, (0p2). With this, we can state a first

version of the Modigliani-Miller theorem, for expected revenues, in our model.

Proposition 2 (Modigliani-Miller 1) (i) The cash-flow split does not affect the seller’s expected
revenue, if and only if the market characteristics are identical: op1 = opp.
(13) The seller’s expected revenues exceed expected cash-flows whenever opy > opa, and are less

than expected cash-flows whenever op1 < opa.

The key to this proposition is that, for given values of op, the expected information aggregation
wedge is additive across Cash flows: Wy, (op) + Wr, (6p) = Wr 4r, (op), for any op, m and .
If the two markets have identical characteristics, i.e. op1 = opp, only the combined cash flow
matters for the total wedge - i.e. the Modigliani-Miller result applies. If on the other hand the two
markets have different informational characteristics, then the additivity of the wedge for a given

value of op implies that the seller’s total expected revenue is equal to

W, (0p1) + Way (0p2) = Wx(op2) + Wx (0p1) — Wx, (0p2), or
W7r1 (UP,l) + W7r2 (UP,Q) = Wr (UP,l) + W7T2 (UP,Z) - WT(Q (UP,l) .

This expression decomposes the total revenue net of expected dividends into a wedge associated
with the total cash flow m, plus a difference term that depends on the cash flow split, i.e. 71 or ms.
Depending on the comparison between op; and opa, and the upside or downside risk in 71 or mo,
this difference is either positive or negative.

Consider now how a seller can influence expected revenues by assigning the Cash flows 7 and
Ty to two pools of investors, which are characterized by op;1 and ops. Assume without loss of
generality that ops > op;i. As an immediate corollary of the previous proposition, the seller’s
revenues are maximized, whenever 7 is sold to the investor pool characterized by op1, and m
is sold to the pool that is characterized by ops. Intuitively, the seller exploits the information
aggregation wedge to manipulate revenues by matching the pool of investors that is characterized
by bigger informational frictions with the upside risk, so as to maximize the gains from the positive
wedge resulting on the upside, while selling the downside risks to an investor pool with smaller
informational frictions, so as to reduce the losses incurred on the negative wedge on the downside.
This logic is pushed further by the next proposition, which considers how the seller can exploit the

heterogeneity in investor pools if she gets to design the split of 7 into 71 and mo.
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Proposition 3 (Designing Cash flows) The seller maximizes her expected revenues by splitting
cash flows according to 7§ (#) = min{x (8),7(0)} and 75 () = max{n (#) — 7 (0),0}, and then

assigning 7] to the investor pool with the lower value of op.

Figure 3: Optimal cash-flow design

Total Dividend
T T T

7(0)

.
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
———> 0 (st. dev.)

Cash flow group 1 (downside)
T T T

a0 r - — — — — — — —

———> 0 (st. dev.)

Cash flow group 2 (upside)
T

Figure 3 sketches the optimal dividend split for an arbitrary dividend function. The seller
maximizes the total proceeds by assigning all the cash flow below the straight line corresponding
to m(0) (white area) to the investor group with the lowest information friction parameter; op;, and
the complement (gray area) to the investor group with the highest friction; ops. It is easy to show
that any other arbitrary division of cash flows {m(-), m2(-)} implies that both 77" (0) — 7}’ (—0) <
7y (0) — 7} (—0), and 73’ (0) — 73’ (—0) > 74 (0) — 7h (—0); i.e. m has less downside risk than 77,

and 7y has less upside risk than 73. The increasing difference property of part iv) in Theorem 1
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then implies that any transfer of cash flows between investor groups resulting from the alternative
split reduces the total proceeds of the issuance. Intuitively, the optimal split loads the entire
downside risk on the investor group that discounts the price of the claim the least with respect to
its expected payoff (because of the low friction parameter; op ), while loading the entire upside risk
to the group that overvalues the claim the most with respect to its expected dividend (due to the
high information frictions; ops). When 7 () > 0, this split has a straight-forward interpretation in
terms of debt and equity, with a default point on debt that is set at the prior mean 6 = 0.

An important limitation of the discussion in this section is that here we are taking as given
the differences in market characteristics. Moreover, we are implicitly assuming that, given these
differences, the seller can freely assign the cash-flows to these two pools. In practice the situation is
of course more complicated, because the investor’s incentives to obtain information also depends on
the asset risks they face. Analyzing this interplay between investor’s information choices and the
resulting market characteristics, along with the seller’s security design question is clearly beyond
the scope of this paper, but an important avenue for further work. The results here are mainly
designed to highlight the possibility of systematic departures from Modigliani and Miller’s (1958)
irrelevance result, and show that limits to arbitrage give the owner of a cash flow distinct possibility
to manipulate its market value through strategic security design.

We conclude this section by stating a second version of the Modigliani-Miller theorem for realized
revenues, Pr, (21, 22) + Pr, (21, 22). The original Modigliani-Miller theorem holds also at an interim
stage conditional on new information. Here, the interim version requires that for each realization

(21, 22), the marginal traders in the two markets hold identical beliefs.

Proposition 4 (Modigliani-Miller II) (i) With information segregation, Py, (21, 22)+Pr, (21, 22) =

Py (z1,22) for all (z1,22), if and only if the signals are perfectly correlated (p = 1), and the two

2

market prices have the same informational parameters: 1 = B2 and 03’1 =049

(i3) With informational linkages, Pr, (z1,22) + Pr, (21,22) = Pr (21,22) for all (z1, 22), if and
only if the signals are perfectly correlated (p = 1), and either 1 = B2 and 0371 = 0312 or 510;’? #*

-2
ﬁQUu,Z'

The perfect correlation reduces the noise to a single common shock. That this is necessary
for the theorem to hold under segregation is immediate. It is also necessary for the case with
informational linkages, because of the different weighting between the signals for the marginal
traders in the two markets. In addition the signal distributions need to be the same, requiring that

ﬁla;ﬁ = 620;3. Finally, we the wedge needs to be the same in the two markets, or op1 = opp.
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Together these conditions imply that the two markets have identical informational characteristics,
and the marginal trader therefore holds identical beliefs. In the case with informational linkages,
we need to consider one additional possibility, which is that when 0, % # Bao, % and p = 1, the
observations of two signals enables every trader to perfectly infer 8 and u from the two prices,
regardless of the informational parameters.

An interim version of the theorem therefore requires perfect correlation in the noise in different

markets, on top of identical informational characteristics.

4.2 Dynamic Trading

Here we consider a simple dynamic extension of our asset market model. The main insight we
recover from the dynamic extension is that the anticipation of positive expected wedges in future
periods raises asset prices in the present. Hence, we show that a long-lived asset with convex payoff
function and a lower bound on per period dividends can in fact be priced above its fundamental
value in all periods, and all states.

Time is discrete and infinite, and in each period a new trading round takes place, with informed
traders and noise traders. As before the total asset supply is 1. The asset pays dividends 7 (;) after
the current trading round has taken place (hence 6, is publicly known before the start of period
t 4+ 1). For simplicity we assume that the fundamental #; and the stochastic demand shock wu; are
distributed as specified as in section 2, and iid over time.? Traders are long-lived and risk-neutral
and discount the future at a rate § € (0,1).

In this case, since there is no persistence in the process, trading in round ¢ only aggregates
information about the current fundamental, but includes the anticipation of future prices. Formally,
the payoff to a share bought in period t is 7 (6;) + 0P (2¢+1), where P (z;4+1) is the price in period
t 4+ 1, contingent on the period t 4+ 1 state z;+1. The price then satisfies the following recursive
characterization:

PTI' (Zt) =E (71' (6t> + (5P7r (Zt+1) ’Q? = Zt, Zt)

where as the expected dividend value of the asset satisfies
Vi (ze) = E (7w (0) + 0V (2041) |2¢)

Using the fact that in the iid case, the expected future prices and dividend values correspond to the

91t is possible but outside the scope of the current paper to extend the analysis to allow for persistent fundamental
processes. The i.i.d. case is sufficient to convey the core insights that anticipated future wedges influence the current

level of the wedge.
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unconditional ones, we have the following characterization of the information aggregation wedge in

the dynamic model:

Wi (2t)

wr (2¢) + OE (Wi (2)) = we (2¢) +
where wy (z:) = E(7m(6y)|x = zt,2¢) — E(w (04) |20)

)
mE (wr (2))

is the wedge resulting from the current period payoffs, and E (w, (z)) the corresponding uncondi-
tional expectation. Thus, the information aggregation wedge in the dynamic setting depends on
both the wedge resulting from current payoffs, and the expected discounted future wedge. Even
when the concurrent wedge is negative (at low realizations of z), the overall wedge may still be
positive because traders anticipate higher share prices in the future. The following proposition

formalizes this observation.

Proposition 5 (Dynamic Wedge) Suppose that 7 (6) is bounded below, increasing, and convet.

Then, for any op > og, there exists & < 1 such that for all § > 5, W (z) > 0, for all z.

Thus, for claims that have a lower bound on payoffs (for example, requiring them to be non-
negative), and that generate a positive unconditional wedge, the market price can exceed expected
dividends at all times and in all states of the world. Moreover, as shown by Theorem 2, w, (z) and
hence Wy (2) and Py (z) may be arbitrarily volatile if op is sufficiently high. This may occur for
instance with the exponential payoffs in example 2, where high expected levels and high volatility
are jointly sustained (for given dividend volatility), whenever op is sufficiently large. Symmetrically,
a claim whose payoffs are bounded above may be undervalued in all future states.

To summarize, a simple repeated version of our model implies that the future anticipated wedges
(positive or negative) can lead to higher or lower current prices. On levered claims, it can induces
permanent over-valuation and high price volatility relative to fundamentals. Overvaluation and
price volatility can both become arbitrarily large, when the market price is sufficiently noisy.

Our results can shed a new perspective into the well documented “excess volatility puzzle”
(Le Roy and Porter 1981; Shiller 1981). The literature consensus is that excess volatility arises
from variation in the stochastic discount factor, tightly linked to risk aversion in economies that
allow a representative agent characterization (Campbell and Shiller 1988; Cochrane, 1992). Such
conclusion follows from the fact that in representative Bayesian agent models, the volatility of
expected dividends can never exceed realized dividends (West, 1988), whose importance in variance

decomposition tests is very small.!®

For a recent digression, see Chen and Zhao (2009).
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In contrast, our theory suggests that high return volatility could result from volatile dividend
expectations in a Bayesian environment, despite low variation in observed dividends, as long as the
informational frictions stressed above are severe enough. In our simple dynamic example with a
fixed discount factor, return volatility arises from the interplay between noise trading shocks and
dispersed information. When noise trading is highly volatile, market information in prices is noisy
and traders beliefs remain heterogeneous in equilibrium. With finite precision of private signals,
large shifts in noisy demand are absorbed by large shifts in the identity of the marginal trader,
resulting in high price volatility. Moreover, the ratio between price and realized dividend volatility
can be made arbitrarily large by increasing the variance of noise trading shocks.

Whether heterogeneous expectations can account for excess price volatility is an empirical ques-
tion we do not address here. Rather, the contribution of our model in this respect is to offer a
theoretical framework, fully consistent with agent rationality, where this channel is not ruled out

by the mere observation that the variability of actual dividends is modest.

4.3 Public Disclosures

Here, we consider an extension that adds an exogenous public signal to the model. When all
information among investors is common, the asset price accurately reflect current expectations
of dividends, i.e. P(-) = V (:). In this case, the logic of Blackwell’s theorem implies that the
provision of more accurate public signals always brings prices closer to realized dividends, reducing
pricing errors. This also reflects itself in higher price variability (but always less than variability of
dividends), and a higher correlation between prices and expected dividends.

Here, we show that these implications no longer apply, at least for sufficiently noisy public
signals, once information aggregation is noisy. In our model, pricing errors occur both because of the
noise in the market information, and because of the information aggregation wedge. Surprisingly,
the effect of increased transparency on the information aggregation wedge and the pricing errors
turns out to be ambiguous (and globally, non-monotone): on the one hand, such information
reduces the importance of the market signal, therefore (when it is sufficiently precise) eliminates
both sources of pricing errors. On the other hand, the public signal introduces a second source of
systematic mispricing: The flipside to the over-reaction to market fundamentals is that the price
reacts too little to exogenous public news. When the public signal is sufficiently noisy, this can
drive prices further away from expected dividends and increase the magnitude of the wedge, and the
pricing error. At the same time, when information frictions are sufficiently severe so as to generate

very high price volatility, public announcements also stabilize the variability of prices by crowding
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out the market signal from the marginal trader’s expectations. In summary, the conventional logic
of how public disclosures affect share prices gets over-turned for disclosures that are sufficiently

noisy.

To formalize these insights, consider the same model as in section 2, but suppose that in addition
all traders observe a noisy public signal y, which is distributed according to y ~ N (9, ofl), and
independent of the noise in the asset supply. We can interpret y as a public announcement about
the firm’s fundamentals. Here we discuss the implications of such announcements for the asset
price volatility and the information aggregation wedge. Following the same steps as in section 2, it
follows immediately that the equilibrium price and the expected dividend value are now functions

of y and z, and take the form

ay + (B + Bo, %)z ))

a;2+a+5+5052

o o722
Viy2) = E(w(@)!y,z):/ﬂ(ﬁ)dCI) <\/00_2+a+ﬁo;2 <9_ y + Bo, ))

0, % +a+ oy

P(y2) = E@®lyo=-22)= [ @) (\/‘79_2+0<+/5+5052 <9_

One immediately observes that the information aggregation wedge disappears, when o — oo, i.e.
when the public signal becomes infinitely precise. In this limit, V' (y, z) and P (y, z) both converge
to m(y), as y completely crowds out z from the expectations. We effectively approach a common
information limit, in which private information no longer plays any role for equilibrium prices, and
the information aggregation wedge disappears.!!

For finite levels of noise, the effects of disclosure on prices, expected dividend values and the
wedge depend on the informativeness of the private signals and the market price. It is always the
case that a public disclosure increases the ex ante variability of V (y, z), because the provision of
more precise information makes the posterior more uncertain from an ex ante perspective. However
contrary to the effects of a highly precise public signal, a noisy disclosure may increase the size of
the information aggregation wedge, if the market is sufficiently informative on its own, i.e. B0, 2 is
high relative to o, 2. Moreover, a public disclosure (even if it is noisy) may reduce price variability,
if the market signal is noisy and the initial information aggregation wedge is large, i.e. the price is
much more variable than the expected dividend value.

To illustrate these points and obtain sharper results of the effects of public disclosures with

11f the market and private information are allowed to increase in proportion with o, a wedge remains in the limit
for given (y, z), whenever y # z, but then y— z converges to zero in probability. More generally, the wedge disappears,

whenever o + Bo,2 — 00, i.e. whenever the publicly available information becomes infinitely precise in the limit.
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imperfect precision, we focus on the linear case, 7(6) = 6.12 Then,

) -2
ay + (B + oy, )Z,andV(y,z): ay + fo, "z

oyt +a+ B+ Boy oy +a+ Boy”

B+ Bo,” Ba,? a
Wiy.z) = 3 2T 2 ) 2T Y
oy +a+ B+ Boy o, +a+ Boy oy +

and the prior variances of the price, the expected dividend value and the wedge are

P(y,z)

a+ Bo? 1
0, +a+ oy oy’
a+ B+ oy’ 1 B(1+0,2) /oy?
0y  ta+B+pon’ 0y (0,2 +at B+ Boi?)’
—2 —2 2
1 1
Var (W (y,2)) = ( B+ boy - By > ( + — )

o2 va+pB+Bor? o, +a+ Pog’ Boi? ;2 +a

Var (V(y,z)) =

Var (P (y,z))

We then have the following proposition:

Proposition 6 (Public Disclosures) Comparative Statics w.r.t. the precision of public disclo-
sures:

(1) Var (V (y,2)) is increasing in c.

(i) If 0,2 > 2, Var (P (y,2)) is increasing in o. Otherwise Var (P (y,z)) is increasing in o if

and only if @« > ap (and decreasing otherwise), where ap > 0 is implicitly defined as

0y~ +ap :1_0u

0,2 +ap+ B+ Boy? 2

(791) Var (W (y, z)) is decreasing in «, if and only if & > ayw (and increasing otherwise), where
aw 1s implicitly defined as

0,2+ aw 1 Bo; 2
ot Faw + B+ Bon? 20,7 +aw + Bog?

The first part is standard and follows from the information value of the disclosure. The compar-
ative statics for P (y,z) and W (y, z) on the other hand are ambiguous. Starting from low levels of
precision «, the public disclosure will first crowd the market signal out from the expected dividend
value, and then from the price. If the market price is already very informative (8o, 2 is high relative
to oy 2), then a disclosure that contains information about 6 reduces the impact of z on V (y, 2)

more than the impact of z on P (y,z). If o 2 + « is sufficiently low relative to 3 and Bo, 2, this

12The same results as for the linear case can also be established for the CARA-normal case, by appropriately

adjusting the informativeness of the market signal, along the lines of the analysis in the next section.
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increases the magnitude of the wedge. On the other hand, once o, 2 4 o is sufficiently high, it
reduces the impact of z on both P (y, z) and V (y, z) and the wedge therefore becomes smaller.

Moreover, if the market price is very noisy, relative to the private signals, the public announce-
ment also reduces the variability of prices by mitigating the over-reaction of prices to z. This is
not inconsistent with the wedge becoming larger, because at the same time the prices and expected
dividends become less correlated, because of their differential responses to y and z. Only once «
is sufficiently large, the price volatility increases again in «, as the public signal brings the price
closer in line with the fundamental value.

To summarize, the information aggregation wedge introduces some subtle effects into the effect
of public disclosures on asset prices, which over-turn the standard logic on effects of disclosures
that is derived from Blackwell’s theorem. The effects are similar to those discussed by Morris and
Shin (2002) in the context of a beauty contest game, or Allen, Morris and Shin (2007) in a dynamic
asset market with short-lived traders, where excess volatility in actions resulted from the players’
over-reaction to a public signal. Here, the over-reaction is to endogenous market information, and
the public disclosure shifts the extent of over-reaction in prices relative to expected dividends. A
noisy public signal reduces the impact of z on prices and this can stabilize prices, especially when
the price is very volatile and its informativeness is low. At the same time, such a signal may
actually increase the over-reaction of prices to z, because the disclosure at first affects the response
of prices to z by less than it affects expected dividends. This makes the information aggregation
wedge larger.

By confining itself to a static model, the present analysis does not directly speak to the large
literature on asset pricing anomalies, such as momentum and reversal in price dynamics,'® or the
literature on the post-earnings announcement drift and under-reaction to public disclosures on
impact.' However, by offering both channels for under-reaction to external news on impact, as
well as overreaction to endogenous market signals, our model offers a rich set of elements that may

be useful to speak to these empirical issues in a proper dynamic extension of the current framework.

5 Discussion

In this section, we explore the robustness of the information aggregation wedge to changes in
the model’s core assumptions. We show that the information aggregation wedge is (i) robust to

alternative specifications of the prior distribution of 8, as well as the distribution of private signals,

13Daniel, Hirshleifer and Subrahmanyam, 1998; Hong and Stein, 1999; Vayanos and Wooley, 2008.
14Bernard and Thomas, 1985; Jegadeesh and Titman, 1993.
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(ii) inversely related to the extent of arbitrage activity by risk-neutral, uninformed traders (or more
specifically the demand elasticity of noise and uninformed traders), and (iii) robust to allowing for

risk aversion in the specification of the canonical CARA-normal model.

5.1 Distributional Assumptions

We first show that the features of the information aggregation wedge, which we identified in the
previous section, are not an artefact of some of the more special and restrictive assumptions that we
imposed. In fact, these assumptions mainly served to retain the tractability of Bayesian updating
with normal distributions, which offered more concrete interpretations of the comparative statics
emerging from the wedge, but they did not play a fundamental role in its presence.

Specifically, suppose as before that traders are risk-neutral and face position limits at 0 and 1,
but consider now the following generalization: (i) € is distributed according to an arbitrary smooth
prior on R, (i7) private signals are distributed iid according to a distribution with cdf F (-|6),
which satisfies the monotone likelihood ratio property, and (ii7) the noise trader demand D is
distributed according to an arbitrary smooth distribution with cdf G (-) on [0, 1].1° This formulation
imposes few restrictions on the distributions apart from the monotone likelihood ratio property
for private signals (to insure monotonicity of posteriors and trading behavior), and smoothness
assumptions to maintain continuity and invertibility of the price function. The following equilibrium

characterization is then a direct generalization of proposition 1:

Proposition 7 (Distributional Assumptions) In the unique asset market equilibrium, the price

function P (z) is characterized by

S 7 (O)h(0) g (F (2]0)) f? (210) db
Jh(0)g(F(216)) f> (210)d6

and the traders’ threshold function is &(p) = z = P~ (p). The expected dividend conditional on z,

Pz)=E@@)|z==22) =

on the other hand takes the form

Jm(0)h(0) g (F (2]0)) f (2]0) b
Jh(0)g(F(210)) f (2]0) do

Risk-neutrality, position limits and the MLRP on private signals allow us to retain a threshold

V(z) =E(x(0)|z) =

characterization for the buying strategy of informed traders. We can then use the market-clearing
condition to re-define the information conveyed through P by an observable state variable z = & (P),

whose realization depends only on the exogenous shocks # and D. The indifference condition for the

Y5Informed trader positions are restricted to [0, 1], so the market cannot clear if D > 1 or D < 0.
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marginal trader implies that P (z) = E (7(0)|z = z, z), that is, the asset price equal the expectation
of an informed trader with public signal z and an independent private signal z whose realization
also equals z, while the expected dividend conditions on z only once, as the market signal. The final
step in the proof consists in characterizing the distribution of z from the primitive distributions,
and showing that its conditional pdf is ¢ (2]60) = g (F (2]0)) f (2]0).

This characterization shows that the logic of the wedge is not directly tied to the specific
distributional assumptions that we have made (other than the MLRP assumption on signals). This
still leaves as an open question to what extent the results of Theorem 1 and 2 make use of this
additional structure of normality or symmetry in the signals - an issue that is relevant for the
economic conditions and interpretation underlying these two theorems. We hope to address this

question in future work.

5.2 Price impact of information

Next, we generalize our previous formulation to allow for a response of uninformed traders to
perceived excess returns on the asset, as well as stochastic trading motives which are unrelated to
dividend expectations (for example, liquidity or hedging needs). We keep the same model as in

section 2, but consider the following formulation for asset demand:
D(u, P) = @ (u+n(E(x (0)[P) - P)), (8)

with u ~ N (0, 03). Uninformed traders’ demand is increasing in the expected return conditional
on the price, E (7 (0) |P) — P, with an elasticity given by 1.1® The parameter 7 captures the
responsiveness of uninformed traders to the expectation of dividends in excess of prices, or in other
words, the extent to which they are willing or able to arbitrage away the difference between expected
price and dividend value. Equivalently,  measures the price impact of private information which
relates naturally to the concept of market liquidity.

We follow our previous equilibrium characterization and asset prices with minor changes to ac-
count for the endogeneity of demand to asset prices. Market-clearing implies ® (/B (& (P) — 6)) =
O (u+n(E(r(0)|P)— P)), or

z:9+\}Buzfc(P)—n/\fﬁ'(E(W(H)!P)—P)-

Observing P is thus isomorphic to observing z ~ N (0, o2/ ﬁ), and Lemma 1 continues to hold

without any changes. Using the fact that the expected dividend is E (7 (0) |P) = E (7 (0) |z) =

SExactly the same analysis can be conducted if uninformed traders responded to the expected return E (7 (9) |P) /P

(provided the latter is well-defined, i.e. 7 () is always non-negative), instead of the payoff difference E (7 (0) |P) — P.
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V (z), the equilibrium price function is implicitly defined by the marginal trader’s indifference
condition

P(2) =E(m (0) | (P),2) =E (7 (0) | +n/V/B - (V () = P(2)),2).
This condition implicitly defines the equilibrium price. Let P (z;71) denote the equilibrium price
as a function of the elasticity parameter 7, and P (z;0) = P (z) the price function with inelastic
supply. The next proposition shows that the magnitude of the information aggregation wedge is

inversely related to the uninformed trader’s demand elasticity.

Proposition 8 (Price-elastic demand) If P(z;0) = V (z), then P(z;n) = V (z), for all n. If
P (2;0) # V (2), then |P (2;m) — V (2)] is strictly decreasing in 1 and lim, o |P (z2;1) =V (2)| = 0.

Therefore, the more elastically the uninformed and noise traders respond to the wedge between
prices and expected dividends, the more they arbitrage away this difference, and the smaller the
information aggregation wedge becomes. Fundamentally, the wedge results from the informed
traders’ impact on equilibrium prices. The more they move prices by acting on their private
information, the larger is the wedge. In the inelastic case, the wedge was maximized as the informed
traders fully determined prices, where their price impact vanishes in the limit as  — 0. The
parameter n can thus also be intuitively interpreted as a measure of the limits to arbitrage by
uninformed, risk neutral outsiders.

We can illustrate these effects simply in the example with linear dividends: 7 (f) = 0. In this

case, the expected dividend value is V' (z) = vy - 2z, as before. The price however solves

nvB P = o B s
s () = P ) = (10— (=) )

Compared to the case with inelastic demand, the over-reaction is smaller, i.e. the coefficient in

P(z) =vypz+

front of z is decreasing in 7, and converges to 1 as n — co. The wedge

o7 (1—~p) B
oz (1—~p)+nVpB

is also decreasing in 7 and vanishes as 7 — oo. The information aggregation wedge is therefore

W(2) = (vp —w)

largest when uninformed traders are not actively arbitraging the expected return difference coming
from the information aggregation wedge.
5.3 Information aggregation wedge in the CARA-normal model

Here we briefly compare our results with the pricing implications of a canonical model with CARA

preferences and normally distributed signals and dividends.!” Consider the same market structure

"See, e.g., Hellwig (1980), Diamond and Verrecchia (1981), and Grossman and Stiglitz (1980).
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as in section 2, but suppose that (i) traders start with initial share-holdings of zero, (i7) their
preferences over terminal wealth are u (w) = — exp(—yw), (ii¢) the dividend is normally distributed,
7 (0) = 0, (iv) traders do not face limits on their portfolio holdings, and (v) the noise trader demand
for shares is stochastic, normally distributed, according to D ~ N (D, 03). All other elements of
the model are as described before.

To highlight the role of the information aggregation wedge, we conjecture (and will verify) that
in equilibrium, the information conveyed by the asset price is isomorphic to a normally distributed
public signal z (P) ~ N (9,7’1; 1). The informed traders’ posterior conditional on z (P) and their

private signal x is normal, and their optimal demand satisfies

E (0|z,z(P)) — P

)= N e (P)
+7pz (P B .
where E (0|2, z (P)) = MandV(Gaj,z(P)):(062+ﬁ+7-P) L

Aggregating demand across traders and using the market-clearing condition

/d(x,P)dcp <\/B(a:—9))+D:O,

the equilibrium price satisfies:

P _ /E(eyx,z(P))dcb(\/B(x—9>>+ :

09_2+ﬁ—|—7‘p
[30+sz(P)+ y
02+ B+ 02+ B4 TP

u

Therefore, observing P is isomorphic to observing z (P) = §+~/3- (D — D), and 7p = (B/v)? 072

The resulting equilibrium price function is

D + z D
P(z)=E(flz = 2,2) + —5—L - ff )E a— .
o+ B+TP 0y +B+TP oy +B+TP

On the other hand, the expected dividend, conditional on z is

P

E0z) = ———
( |z) 09_2—1—7'19

zZ.

Therefore, in the CARA-normal model, the difference between price and expected dividend, P (z)—
E (6]z), can be decomposed into (4) a risk adjustment term vD/ (o, % + B + 7p), which compensates
the traders for the risk they take on by holding the asset, and (ii) the information aggregation wedge
E (f|x = z,z) — E(0]2). The information aggregation wedge takes exactly the same form as in our

benchmark model, and leads to prices the react more strongly to the state variable z than would
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be justified by its information content about dividends. The sign of the risk adjustment term is
determined by the sign of D, i.e. the average position held by noise traders, and hence the negative
of the informed traders’ average position, and it scales with their degree of risk aversion v and their
posterior uncertainty (09_ 2yB8+ Tp)_l. When D = 0, i.e. the shares are on average in zero net
supply, the risk adjustment term is zero, yet a systematic wedge between the price and expected
dividends emerges because of the information aggregation wedge.

The CARA normal model thus has the same implications for conditional wedges as our risk-
neutral model with position limits, suggesting that the information aggregation wedge is not unique
to our model specification, and may in fact be a robust feature of models in which market prices
aggregate dispersed private information. Remarkably, the only prior discussion of this observation
that we are aware of is by Vives (2008), which briefly mentions the comparison between prices
and expected dividends for the CARA case. The restrictions of the CARA model to normally
distributed asset payoffs on the other hand limit the analysis to the symmetric case in which the ex
ante expected wedge is zero. This precludes the results linking the shape of asset payoffs to their
expected prices and dividends, and implies that any differences between unconditional expected
prices and dividends are the consequence only of risk premia when the expected supply of shares

differs from zero.

6 Concluding Remarks

We propose a model of asset prices in which heterogeneous investor information and limits to
arbitrage generate a systematic wedge between the asset’s price and its expected dividend value.
This information wedge results from a compositional shift through which the informational content
of prices is amplified, giving the market the appearance of attaching too much weight to the price
signal, relative to its information content. This generates volatility of prices in excess of expected,
and even realized dividends, even when traders are risk-neutral and discount future payoffs at a
constant rate. It also generates price premia for securities that present upside risks, and price
discounts for securities that present downside risks. The magnitude of these effects depend directly
on the severity of the informational noise and the limits to arbitrage frictions.

We apply our theory to reconsider the Modigliani-Miller theorem, and show how a seller can
affect revenues by an appropriate splitting of cash flows, selling upside risks in markets with bigger
frictions, and downside risks in markets with less frictions. We also propose a dynamic extension

of our model which jointly accounts for overvaluation and excess volatility, and we show that our
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model can account for the under-reaction to public news, and generally speaking over-turns the
logic of the impact of public disclosures that is derived from Blackwell’s theorem.

We conclude with a few remarks on future research directions. Through our examples, we hope
to have illustrated the tractability and versatility of our model for systematically analyzing asset
prices and asset markets with heterogeneous information and limits to arbitrage. Our results also
point to the potential of our theory to offer novel explanations for macro and micro asset pricing
phenomena, such as excess volatility, impact of public announcements, and return predictability
from prices, just to name a few. A first important avenue for future work is to consider whether
our theory offers a plausible quantitative explanation for these and other asset pricing phenomena
that appear a priori inconsistent with no arbitrage conditions or where risk-based explanations have
reached their limits. This will require more systematic multi-period, and multi-asset extensions of
our market model, both of which have already been touched upon in this paper in the context of
specific examples.

A second important avenue for future work will be to merge our theory of limits to arbitrage
with risk-based asset pricing models. The assumption of risk-neutrality, while clearly appealing
for the purpose of identifying the role of limits to arbitrage for asset prices, and distinguishing
it from risk-based models, is of course a major limitation in this direction. Our results from the
CARA-normal model suggest that the main intuition and results survives in the symmetric normal
case, and we see no reason to believe that this should be true for more general dividend functions,
except that we loose the tractability of the CARA-normal-linear model.

A third important direction lies in the integration of financial market frictions with real decisions
that give rise to the dividends. With few exceptions, much of the work in macroeconomics and
corporate finance that focuses on these decisions tends to employ models of asset markets that is
characterized by no-arbitrage conditions. On the normative side, one important practical conclusion
drawn from these models is that asset prices can serve to alleviate incentive conflicts, incentivize
managers and regulate firms or banks, by aligning the interests of those in charge of the decisions
with those who suffer the consequences. A natural and important question to ask is then how these
incentives should be regulated when asset markets can not be relied upon to align shareholder
and manager incentives, and how the incentive schemes that rely on no arbitrage perform when
there are limits to arbitrage in practice. Since our model offers a simple, tractable, and internally
consistent theory of how limits to arbitrage drive prices away from fundamental values, we hope

that it will prove to be a useful stepping stone for analyzing the effects of such asset mis-pricing
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for real economic decisions and activity in more systematic ways.!
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7 Appendix A: Proofs

Proof of Lemma 1. Part (i): By market-clearing, z =2(P (z)) and (P (2’)) = 2/, and therefore
z=7"if and only if P (z) = P (%/).

Part (ii): Since P (z) is invertible, observing P is equivalent to observing z =% (P (z)) in equi-
librium. But 2|0 ~ N (6,02/8), from which the characterization of H (-|z, P) follows immediately

from Bayes’ Law. m

Proof of Proposition 1. Substituting z:(P) = z, a price function P (z) is part of an equilibrium if
and only if it satisfies (6) and is invertible.  (-) is strictly increasing, and an increase in z represents
a first-order stochastic shift in the posterior over 6, so the price function Py (z) is continuous and
monotone over its domain and spans its entire range, hence invertible. Moreover, all prices are
observed in equilibrium (and hence out-of-equilibrium beliefs play no role). Thus, Py (z) defines

the unique equilibrium in which prices are conditioned only on z. =

Proof of Lemma 2. By the law of iterated expectations, E (V (z)) = E (7 (0)) = [ 7 (0) d® (0/0y).
To find E (P (z)), define 0% = o5 (1 + (yp/yv — 1) vp). Simple algebra shows that

[ ()0 () - ()

With this, we compute E (P (2)):
/ ( 0 —vpz ) 4D ( ’YVZ>
V1 —"~poy 09

(2
r

- [ [ (o ()
/

E(P(2) =

Zw ) Ulpd) <09P) o).
Therefore, W is
- Lol )
0
“[rotG)- o(2))
e tnoy )

where the first equality proceeds by integration by parts, the second by a change in variables, and

the third step uses the symmetry of the normal distribution (® (—z)=1—® (z)). =
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Proof of Theorem 1. Parts (i) — (iii) follow immediately from lemma 2, the definition of upside

and downside risk, and the fact that ® (6/0y) > ® (0/op) for all § (since op > 0y). For part (iv)

R (o(2) o (2))an

where A (0) = —7th (—=0) — (7] (0) — 71 (—0)).

notice that

Since 7y is has less downside risk than 71, A (6) > 0 for all 8, which implies that Wy, (cp)—Wx, (op)

is increasing in op. ®
Proof of Theorem 2. (i) The first inequality follows from standard arguments (Blackwell,
1957) for the value of information. For the second inequality, write E ((P7r (z2) — Pr (O))2) —
E ((VW (2) — Vy (0))2) as

E (P () = Pr (0))°) ~E (Ve (2) = Va (0))%)

= &((r - P 0P~ N (0.2)) - E( ol (0.57) )
+E<(PW(Z)_PW()) |z~ N < g)) E( (=) - V(O))2’2NN<O’§§>>

= 2((E@ - P02k~ (0.2)) k(e P 0P 1~ ¥ (0.2))
Var <P (2 )Iz~N< )) (Vﬂ(z 2~ N (O;‘é»

+(E(n(9)) — P(0))* ~ (E(x (6) = V (0))*

where we have just made explicit the distribution of z on which the expectation is taken, and we have
added and subtracted the term E ((PTr (2) = Pr (0)* |2 ~ N (0, Jg/"yp)) in the first equality, and
then broken up the second line. In this expression, we have an amplificatoin term, which captures
the increased variance on z in the comparison of E ((P7r (2) — Pr (0))2> under z ~ N <0, %%) and
z~N (0 ( ) (first line), a variance term, whcih compares the variances of Py (z) and V; (z), and
a bias term, which compares the biases between P (0) and V; (0), relative to the unconditional
average of 7 (-). We will analyze these three terms separately.

For the amplification term, we have

B ()= P~ (0.2)) -8 () - o0~ (0.2))
_ /(Br (2) = Pr (0))° [\/W¢< Wz) - ﬁ¢< Wﬂ *

g9 o g9

~ [P0 (P2 0) - Pr () [‘I’ <ij> e <Z:Z>] *
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For z > 0, Pr (2) > P, (0) and ® (\/7pz/09) > ® (\/7vz/0¢), while for z < 0, both the inequalities
are both reversed. It follows immediately that this integral is always positive.

For the variance term, we have, by standard arguments (again, Blackwell,...),

Var (7 (0) |z ~ N (0,03)) > Var (Pﬂ (2) |z ~ N (0, ﬁ)) > Var <V,r (2) ]z ~ N <0, jé))

We are left with the bias term. Here, we notice that
/_J:OW (x/l — ﬂyagu) ¢ (u)du = /0+00 <7r <\/1 — *yagu) + ( V1—7 ’yUgU))
400
= 7r(0)+/0 (7‘(’ <\/1—709u>+7r< Ugu)>¢>

_ w(0)+/0+oo (' () — 7' (=0)) (1 ( >>

Applying this formula to P (0) with v = vp, to V (0) with v = vy, to E (7 (§)) with v = 0, we find
that for upside risks, E (7 (0)) > V (0) > P (0) > 7 (0), while for downside risks, E (7 (6)) < V (0) <
P(0) < 7(0). In both cases, (E(x(#))—x(0)* > (E(x(9) — P (0))* > (E(x(9) — V (0))?
which completes the proof for part (7).

Part (i7) follows immediately from observing that these comparative statics apply separately to
each of the terms used in the decomposition in part (7).

Part (iii) Fixing vy < 1. If vp — 1, The variance and bias terms for P approach those for 7 (-).

We thus wish to show merely that the amplification term doesn’t vanish. But this term converges

/2P7’T (2) (Px (2) — Py (0)) {@ <;> — o (Z:Zﬂ dz > 0.

Likewise, fixing vp < 1, as vy — 0, the bias and variance terms are fixed, and we therefore consider

to

the amplification term, which converges to

/ 2P (2) (Ps (2) — Ps (0)) [cp <7pz) _ ;] dz

¢
1

— lim S (P (2) — Pr (0))? + ZEI_DOO% (Py (—2) — Ps (0))?

200 2
~E ((PW (2) = Pr (0)% |2 ~ N (0, fﬁ)) :

which is strictly positive, and infinite whenever Py (-) (or equivalently 7 (-)) is unbounded on at

least one side (part iv). m

Proof of Proposition 2. If op; = ops = op, then Wy, (op1) + Wr, (0p2) = Wr (op) =0, and
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hence the total expected revenue is not affected by the split. If instead op1 # op2, then

W7T1 (O-P,l) + W7T2 (O-P,Q) = Wﬂ'l (OP,I) + Wﬂ'g (UP,I) + W7T2 (UP,Q) - W7T2 (UP,I)
= Wx(op1)+ Wz, (0p2) = Wr, (0p1) -

By theorem 1, W, (-) is increasing in op, so this term is positive, whenever opg > op1. &

Proof of Proposition 3. For any alternative split (71, m2), the monotonicity requirements imply
that 0 < 7} (8) = 7’ (0) — 74 (§) < «’ (). This in turn implies that for all § > 0, 77" (§) — 77 (—0) =
—7'(=0) < 7 (0) — 7} (—0) and 73’ (0) — 73’ (—6) = «' () > 7} (0) — 7 (—6), i.e. 71 has less
downside risk and more upside risk than 7], and m has more downside risk and less upside risk

than 75. Moreover,

(71 (0) = 71 (=0))+ (73 (0) — w5 (=0)) = 7' () =" (=0) = (71" (0) — 7}’ (=0)) + (75" (0) — 75 (—0))

But then, the expected revenue of selling 71 to the investor pool with op; and 7o to the investor

pool with opg is
We, (op1) + Wiy, (0p2) = Wr (0p1) + Why, (0p2) — Wi, (0P1) ,

while the expected revenue from selling 7} to the investor pool with op; and 73 to the investor

pool with opg is
Wis (o0p1) + Was (0p2) = Wr (0p1) + Was (0p2) — Was (op1) -

The difference in revenues is therefore Wes (0p2) — Wiy (0p1) — (Wi, (0p2) — Wi, (0p1)), which
is positive due to part (iv) of Theorem 1, and the fact that 75 contains more upside and less downside

risk than 79, and ops > op;1. B

Proof of Proposition 5. If 7 (:) is convex, then by Theorem 1, for any finite w, there exists
6<1,st. 6>08, 6E(w(z)>—(1—5)w. We therefore need to establish a lower bound for w ().
But if 7 (+) is bounded below, then lim,_, o, w (z) = 0, and w (z) is positive for sufficiently high z,

so it is necessarily bounded. m

Proof of Proposition 6. Part (i) is immediate. For part (i7), Rewrite Var (P (y, z)) as

o 05 2B (L +0,°) /oi”
ot ratB+Bon (052 +a+ B+ Boi?)

Var (P (y,z)) = o3 <1 —
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B+Boy”

—2
. o -
and take FOCs w.r.t. a shows that Var (P (y, 2)) is increasing in « if and only if 74— > g T

For part (iii), rearrange Var (W (y, z)) as follows

2
o, +a 0,2+ a ) 0,2+ a+ Boy?

Var (W (y, = B
CLT'( (y Z)) (0‘92—|—a+50u2 U;2+a+ﬁ+ﬂg’;2 /80;2(J;2+Q)

i 0,° +a 1
- —2 —2 —2 25 2
o, +a+ B+ foy oy +a+ foy,” foy
Taking the FOC, we find that Var (W (y, z)) is increasing in 0, + « if and only if

-2 -2
0 +a 0 +a

1>2 + .
oyt ta+ B4 fon’ oyt ta+ foi’

Proof of Proposition 7. Risk-neutrality, position limits, and the MLRP on private signals jointly
imply that E (7(6)|z, P) is monotone in z, and the informed demand is characterized by a private
signal threshold & (P) which satisfies the same indifference condition as (2), with the posterior
H (‘|z, P) to be determined. Market-clearing then implies that F' (& (P)|6) = D. Since the LHS is
increasing in Z (P) and decreasing in 6, we can define an endogenous public signal z = & (P) which
is informationally equivalent to observing P. But then, this implies that equilibrium prices take

the form

Jm(0)h(9) ¢ (210) £ (210) db

Th@)¢(Z10)F (A0)ds
where ¢ (z|0) denotes the posterior density of z conditional on #. To complete the proof notice that
Pr(z <Z0) = Pr(D < F (2'|0)) = G (F (Z|0)), from which it follows immediately that ¢ (z]0) =
g(F(210)) f (10). m

Pz)=E@@)|z=22) =

Proof of Proposition 8.
If P(2;0) =V (z), then P (z;n) =V (2) solves the pricing equation for any n > 0. If P (z;0) #
V (z), then define the function 77 (P, z) as

Tﬁ(p,z):E(ﬂ(e)\zm/ﬂ-(V(z)—p),z).

T"(P,z) is continuous and decreasing in P, and 7" (V (2),z) = P (z;0). Moreover, if V (z) >
P (2;0), then T" (P (2;0),2) > P(2;0), T"(V (2),2) < V (2), and therefore there exists a unique
P(z;m) € (P(2;0),V (2)), such that 7" (P (z;7n),2) = P(z;n). If instead V (2) < P (2;0), then
T"(P(2;0),2) < P(z0), TT"(V(2),z) > V(2), and T"(P(z;m),2) = P(z;n) for a unique
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P(z;n) € (V(2),P(z0)). Moreover, replacing P (z;0) with P (z;7') for ' < n in the steps
above shows that |P (z;n) — V (2)| is strictly decreasing in 7. For the limit, notice that since
P (z;n) is monotone in 1 and bounded, it must converge to a limit P (z;00) = limy_o P (2;7).

If P(z;00) > V (2), then P (z;00) = limy o0 T" (P (2;7), 2)

= —o00, whereas if P (z;00) < V (2),

then P (z;00) = limy o 7" (P (2;7), 2) = 00., both of which are contradictions. Therefore, we are

left with P (z;00) = V (2) at the limit. =

8 Appendix B: Additional signals

Here we solve an extention of our model in which traders in a market have access to an additional
public signal from outside the market. Such a signal can either be a price in a separate market
(as in the 2-market version of section 4.1, with informational linkages - lemma 3), or an exogenous
public signal, as in the section with disclosures. We’ll begin with a general structure and then
specialize the results for the two separate cases. Suppose that two signals (z,y) and € are jointly

normally distributed according to

2 2 2

0 0 Ty T T
z =N 0 1, 03 03—1—7';1 05—1—,0\/7';17'?]1 )
Y 0 ag O'g—i-p\/Tz_lTy_l Ug—é—ry_l

where 7! and Ty I denote the precision levels of the two signals, and p the correlation in their
errors (this corresponds to the additive signal structure used throughout). We will interpret signal
z as coming from the price in the market, so that 77! = 02/3. By Bayes’ Rule, we have 0|z,y ~

N (,u (z,v) ,V‘l), where

plzy) = ofi's™

)

—2
Oy

and V!

1 -1
+ 1_7’02 (7‘2 + Ty — 2p5 /TZTy)} ,
and 1/ = (1,1). If x ~ N(G,ﬁfl) is the traders’ private signal distribution, then 6|z, z,y ~
N (f1(2.2,9) (B+ V)71, where fi(, 2,y) = (B + Viu (2,1)) / (8 + V). Therefore,

of —op1’S "o} = {

B+ (B +vesrs | T,
Yy

p(r =2z 2y)

034—7‘2_1

where 3’

(8,0) and ¥ =

—-1_—1
03 + PN/ Tz Ty
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From an ex ante perspective, ji (z = z,2,y) ~ N (0, (}2), where
= (B+V) (B VRS E (S 62V + 8) (B+ V)
= (B+V)2(B% (08 +7.1) + 26803V + Voil'S 1103V
= (B+V) (B (0F +721) + 2803V + VEaj — V)

2
2 p —1 14
= op+|—) . ——m,
’ <5+V) (B+V)
Therefore, we compute O'2P as 012; =624+ (B+ V)_l or

2 _ 2 B\’ 1V “1_ 2 Bog? 1.+
UP_U@+<B+V) TGy TOTY) _09<1+(5+V)2 7. >

For the 2-asset model of section 4.1, this formula can now be applied directly with 7, = f3;/ 0371-,

Ty = B,i/ag’_i, and 8 = f3;, to find

1 1
‘712%':‘73 I+ by 5 +$“ WhereV:g;2+ 5 /52’1 + Ba — 2 B152

u,l 05,2 Gu710u72
which completes the proof of lemma 3. switched notation between ;5 and

For the model with public disclosures, we apply the formula with 7, = 30,2 and V = oy 24
Bo,? + a. Increased transparency always brings the average price closer to the average expected

dividend, reducing unconditional discrepancies in returns.
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